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Introduction to electromagnetism
Electric field E and magnetic field H are ruled by the

• Optical coefficients of the material: The electric permittivity ε and the magnetic per-
meability µ. These functions are a property of the material (plastic, gold, ...). They represent
the electromagnetic response of the material.

• Geometry of the material: Position, shape, size.

• Maxwell equations: {
iωεE +∇×H = J

−iωµH +∇×E = 0

Where ω is the frequency, J the source current.

Electromagnetic waves: Propagation of elec-
tromagnetic fields E and H. Electromagnetic
waves are solutions of Maxwell equations.

Propagation

Introduction to metamaterials

Meta-materials: Materials with optical prop-
erties not found in nature. They are usually de-
signed as an assembly of small elements made of a
common material (metal, plastic). Their special
properties doesn’t come from the common mate-
rial but from the assembly structure. More pre-
cisely the elements geometry and pattern allows
to manipulate the electromagnetic waves.

Negative metamaterial: Metamaterial struc-
ture which behaves like a homogeneous material
with permittivity ε < 0 or permeability µ < 0.

3D metamaterial [3]

Mathematical problems for metamaterials

In some particular cases Maxwell equations can
be reduced to find u such that:

∇.(σ∇u) + ω2µu = f in Ω

σ = 1/ε =

{
1/ε+ > 0 in the Air

1/ε− < 0 in the Metamaterial

u = g on ∂Ω

Where ω is the wave frequency and f and g are
source terms.
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⇒ Existence and uniqueness of a solution for the previous problem ?

Results
Theorem: The solution exists and is unique if the contrast ε+

ε−
6= −1. [1]

Numerically we can observe the solution for different values of ε+ε− :

For example with
ε+
ε−

= 2 the solution
is "regular".

For ε+
ε−

= −1 the nu-
merical method gives
a discontinuous curve
which is not a physical
solution of the previous
problem.

Metamaterials applications
Invisibility: Using a metamaterial shell we can
cloak object inside the shell. More precisely the
metamaterial structure does not influence the
incoming electromagnetic waves. So the struc-
ture is invisible!

Super lens: Current lenses resolution is limited
by diffraction. Indeed the image of a point by
the lens is a spot. With metamaterial we can
discard this limit such that the image of a point
is a point. (Next figure by Jeff Hecht).

Detailed results

Theorem: For σ ∈ H1+α(Ω) with 0 < α < 1
and ∂D a lipschitz boundary the problem is well
posed in Fredholm sense if the image over ∂D
of λ = σ++σ−

2(σ−−σ+) does not intersect the essen-
tial spectrum of Neumann-Poincaré operator de-
noted by Σ and defined for ϕ ∈ H−1/2(∂D) :

K∗0[ϕ](y) =

∫
∂D

<x−y,ν(y)>
|x−y|2 ϕ(x)ds(x)

Remark: If ∂D is C1 then Σ = {0}. In this case
λ 6= 0 is equivalent to ε+

ε−
6= −1. [2]

Remark: We found a local condition on
the contrast allowing to have ε+

ε−
= −1 in a

countable set of points.
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